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Schrodinger Equation
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We discuss a new kind of nonlinear Schrodinger equation from the viewpoint
of prolongation theory. It is shown that the equation possess a Lax pair with a
3 x 3 matrix structure. It is further demonstrated that by a multiple scale perturba-
tion of Zakharov et al. it can be reduced to the usual KdV equation.

1. INTRODUCTION

In the continuing attempt to discover new integrable systems, people
have taken recourse to various methodologies. Of late a new kind of
nonlinear Schrédinger equation has been discussed by Hiroto (19 ) by his
bilinearization approach. But it has also been demonstrated that many
equations for which Hiroto’s method works and N-soliton solutions can
be obtained are not completely integrable in the sense of Painlevé or they
do not have a Lax pair. One of the most important equations is that of
Zakharov for ion, acoustic solution (Goldstein and Infeld, 1984; Roy
Chowdhury and Roy, 1979). For this system both the above statements are
true. Here we make a prolongation analysis for the new nonlinear Schrédin-
ger equation whose N-soliton solution was obtained by Hiroto and prove
that an inverse scattering problem exists for this system with a 3 X 3 matrix
structure. Finally we try to understand the connection of this new system
with an earlier integrable case following the approach of Zakharov and
Kuznetsov (1986) and observe that our equation is connected to the simple
KdV system via multiple scale perturbation.

The equation under consideration reads
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Before proceeding to the detailed analysis, let us note that an equation with
the same type of nonlinearity but which is Lorentz invariant in two
dimensions was initially solved by Getamanov, and later such equations
were discussed in the context of a generalized Lund-Regge system, but
none of them had this linear dependence on the time derivative or “nonrela-
tivistic” structure. Let us consider equation (1) along with its complex
conjugate

2oue* _
1-¢o*
We then define the basis-independent set of variables (¢, =z, ¢} =z*).

Then equations (1) and (2) are equivalent to the following set of differential
forms:

ipT + it 0 )

ay=dpadt—zdxadt

a,=d¢*ndt—z* dxndt (3)
2zz%¢
=idpandx—dzadt+ dx a dt
as=idp ndx—dzadt 1= o™ X A
2 K g %
ag=—idp* ndx+dz* rdt+ zz d)*dx/\dt
1-¢¢

If we now proceed to search for one-form w,

w=dytFdx+Gdt
F=F(z, 2%, ¢,¢%y), G=G(zz% ,¢% ) (4)
such that
dw =Y foa,+(@dx+bdt)rw (5)

then it can be very easily observed that there is no nontrivial solution for
F and G. Such a situation may be seen in other equations, but we have not
found any other example of this sort. So we now proceed by considering
the derived equations for (1) and (2), which are

26,08 | 26,6
1-¢0* * T 1-gg*
Nolde . bl
T1-g0" (1-de")

and its complex conjugate.

_i¢tx + d)xxx + ¢

(¢:d*+ddX)d =0 (6)
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To convert these into differential forms, we define further new basis
variables

Gx=2=p, PL=zF=p* (7N

so that the equivalent set of forms are those given previously and the
following:

az=dzndt—pdxndt
as=dz* adt—p*dxadt
2z%¢p
1—¢o*
2zp* 2%
B¢ e+ 252
1- g™ 1-¢o*
22°z%¢p*p 2zz%2¢?
(1- ™) (1-oo*)’
2z%pg*
1-¢o*
* *2
22p"6 dx ndt+ 222
1—-¢o* 1-po*
22°z¢p*? 2zz*
t———dxadtt+——77
(1-¢¢*)* (1-¢o*)’
To obtain the prolongation structure we search for a one-form
w :dy+F(¢’ ¢*’ Z’ Z*ap’p*’ x’ t’y) dx
+G(¢5 d)*s z, Z*’pa P, X, _ts J’) dt (9)

so that the exterior derivative dw remains in the ideal generated by o;(i =
1to8), and

a;=idzndx+dpadt+ dx A dt

+

dx adt

+ dx adt+ dx A dt

ag=—idz*ndx+dp*ndt+ dx A dt

+

dx A dt

dx adt (8)

do =Y ao;+(@dx+bdt)rw (10)

Equating coefficients of basic differential forms, we obtain the following
equations for the structure of F and G:

Fp=0=Fp*, Fz=iGp, FZ*=“iGp* (11)

If we now use the further assumption that F and G are not explicitly
dependent on (x, t), then

G()Z+ G¢*Z*+ Gzp+ Gz*p*+ I(F¢p - F¢*p*)
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. zz¥%¢ Y zz¥¢p* s z*¢p
+21F¢1_ e 21F¢*1_¢¢* 21FZ{—1_¢¢*
+ zp* ¢ %z* zzz*qb*d)_i_ zz*2 2 }

1-¢d* 1—¢d* (1-¢d*)? (1—¢od*)

+2iFZ*{ z*pd>** Zp*¢**+ 22 + Z2Z*¢*22
1-¢¢™ 1-¢¢* 1-¢¢™ (1-¢d*)
22%%¢ ¢ }
+—— +[F, G]=0 12
T=gem: | (RO (12)
Also
Fzz = Fz*z* = 0, Gz*p + Gzp* =0 (13)

So we now set
F=zA+z*B+D
G=zz*M+PN+P*R+z2Q+z*S+T (14)

Now substituting these in equation (12) and equating various coefficients
of 2°, zz*, zp, etc., we get
2i 2ig’ 2iA
+ l¢*A¢_ i 2A¢'*— : %=
1-¢¢ 1-¢o 1-¢o”
_ 2ip*¢A 2ip*’B
(1-¢¢%)" (1-¢¢*)*

M,

+[A, M]=0 (15)

along with
2ip 2ig? 2ip’A
M+ B, — Bye—————
T -gd* Y 1-d* T (1-0¢*)
2iB 2i¢p*?B
+ +[B,M1=0
1-¢o* (1-p¢*)
N, +iA, +[A, N1=0
Ry, —iBy-+[B, R]=0
, 2ipA  2ip*B
Ryt M —iAye— + +[A,R]=0
¢ Ao T gg 1-gr K]
2ipA  2i¢p’B
Nyt M+iB, ——22 B B NI=0

1-¢o* 1-¢o°
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2ip 2ip?

% Do~ 2
1-¢¢ 1-¢¢

+[B, Q]+[D, M]=0 (16)

An important solution for the functions A, B, D, etc., are found to be

Se+ Qpat D,+[A, S]

¢*
A =1_—Wx1(y)+x9(y)

B=—2 (34 x(y)

do*
*
N=- _“’; Je R Fis(y)
R=1—fﬁ;x3(y)—ixm(y>
(17a)
D= ¢¢* —=xs(y)
1
Q=Wx6(J’)
1
S=1_¢¢*x7(y)
1
(1—gamy )
whence M is given as
*
M" ¢¢* (x1+x2)+( _¢::¢*)z {3x1— x5+ [x,, x5}
+1:¢W {2x10+[x1, X101} + i[ X0, X10]
ip .
+1_¢¢* {2ixg+[xy, x3]} (17b)

On substitution of these in equation (15) we are led to the following
commutation rules for the incomplete Lie algebra:

[xs5, Xs]=1[X10, X7]1=[X9, Xs] =0

i[xs, x9] = x7, xs+[xs5,%,]=0
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i[xs, X10] = —xs,
[xla x6] +x6 = 0,
[x3 ’ xS] +2x8 = 0’

[xo, xg]+[xs, x5]=0,
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xs+[xs, x3]=0

(18)
X7+ [x3,%,]=0
[x1, xs]+2x3=0

[x10, Xs]+[xs, x7]1=0

Closer of the Algebra

For obtaining the closed Lie algebra we invoke the scaling transforma-
tion symmetry of equation (1) (Shadwick, 1980). It is easily see that the
equation remains invariant under ' > A’f, x'> Ax and ¢'- ¢, whence for
invariance of ® = dy + G dx + F dt we must have F > A"'F, G~ A "' G, which

immediately leads to the following isomorphism of the generators:
Xo=>Xs, X30=>X10

xXt=>Ax,,

x§=>X9,

X5=> AXs,

X=X,
Xi=>AXs, Xb=> A%

Imposition of these properties on the commutation rules immediately sug-
gests

[xs, xs] =[x, x5] =[x7, X1 =0 (19)
Furthermore, the structure of the Jacobi identities suggests that we use
X, =X;, Xo = X10, X = —X7
So finally we get
[xs, Xo] = ixs, [xs,xs]=0
[x1, X5] = x5, [x5,x3]=0
[x1, X6]=xs, [xs, xs] =0 (20)
[x1, xs]=—2xs, [xs, X5]=0
[x1, xo] =0, [xs, xs]=0

Further simplification can be obtained by setting x;=0. Whence a 3x3
representation is obtained as

00 O 010
x=t0 1 01, xs=[0 0 0

0 0 -1 0 0 0

0 0 -1 00 O (21)
x={0 0 0], X=10 0 —i

00 O 00 0

So one can write down a matrix form of the Lax pair.
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The Multiple Scale Transform

The equation studied above is usually studied with the linear part
replaced by a Klein-Gordon operator 3> — 3>, and such equations are known
to be variants of nonlinear o-models. But in our case due to the occurrence
of the Schrodinger operator id,+9> in the linear part we here analyze a
possible connection of such an equation is known integrable system via an
approach of Zakharov et al. Let us set

é=VN e¥
Then the real and imaginary parts of (1) are
N, +2(8/3x)(NV)=0
where V=4, and
W, +1N*2Ni —IN + . (1 N7INi+ N¢§> =0 (22)
4 1-N \4

Now, according to Zakharov and Kuznetsov (1986), we make a scale
transformation of the form

x'=e(x—1t)

V=gt

N=1+ Y eXn(x', 1) (23)
k=1

e}
V=3 e¥u(x, 1)
k=1

g=—t+ T e Y(x, 1)
k=1

where ¢ is a small parameter; collecting powers of £°, we immediately obtain
nlt'+nln1x’_%n1x’x’x’=0 (24)

with 2V, = —n,. Equation (24) is nothing but a form of KdV equation. So,
as suggested by Zakharov et al, if the transformation (23) is performed on
an integrable system, then another integrable system is obtained. On the
other hand, sometimes new integrable systems may come from nonintegrable
systems through (23).
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